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Abstract 

Let V^(M m ) denote the space of differential operators of order < k from 
the space of A-densities of IR m into that of /i-densities and let S<- (IR m ) be 
the space of /c-contravariant, symmetric tensor fields on IR m valued in the 
(^-densities, 5 = [i — A. 

Denote by s£ m+ i the projective embedding of s£(m + l, IR) as a subalgebra 
of the Lie algebra of vector fields of IR m . 

One computes the cohomology of s£ m +i with coefficients in the space of 
differential operators from S^(lR m ) into S^(TR m ). It is non vanishing only for 
some critical values of 5. For m = 1, these are the values pointed out by H. 
Gargoubi in a completely different context ||. 

This allows to determine the condition under which the short exact se- 
quence of s£ m+ i-modules 

-» V^OR™) -> V k x ^M m ) A S$ 0R m ) -» 

is split (<r is the symbol map). 

From this one recovers and generalizes useful results about the structure 
of the sWi-module V Xfl (lR m ) = © fc X>^(B m ) |, § g |. 

The cohomology of the latter is also computed. 
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Rsum 

Soient T> Xfl (JR m ) Pespace des oprateurs diffrentiels d'ordre < k sur les A- 
densits de IR m valeurs dans les /z-densits de ]R m et S^(iR m ) l'espace des 
champs de tenseurs /c-contravariants symtriques sur IR" 1 valeurs dans les 
(5-densits, o 5 = [J, — A. 

Soit galement s£ m+ i le plongement projectif de s£(m + 1, IR) dans l'algbre 
de Lie des champs de vecteurs de IR m . 

On calcule la cohomologie de s£ m+ i coefficients dans les oprateurs diffren- 
tiels de iS^ (IR m ) dans 5|(IR m ). Elle n'est non nulle que pour certaines valeurs, 



dites critiques, de S. Pour m = 1, ce sont les valeurs mises en vidence par H. 
Gargoubi dans un tout autre contexte ||. 

A l'aide des rsultats obtenus, on dtermine quelle condition la courte suite 
exacte de s^ m+ i-modules 

-» ©{^(H™) -> ^A M (K m ) ^ Sl(JR m ) -» 

est scinde (a est le passage au symbole). 

Cela permet de retrouver et de gnraliser diffrents rsultats utiles concernant 
la structure de s£ m+ i-module de V Xfl (SR m ) = © fc X»j^(]R TO ) |, |, |, §. 

La cohomologie de ce dernier est galement calcule. 



1 Introduction 

Let T>Xfi(M) denote the space of differential operators from the space of scalar 
A-densities over a smooth manifold M into the space of scalar /i-densities. 

The Lie derivation with respect to vector fields equips 2>\ M (M) with a natural 
structure of module over the Lie algebra of vector fields Vect(M) of M. The study 
of that module has been started in ||, |5], ||, ||, |j| . See also @ for pseudodifferential 
operators on the complex line. As a vector space, Vx^M) is isomorphic to the 
graded space 

S (M) - ffi V "" [M) 

associated to the filtration of T>Xfj,(M) by the order k of differentiation. The k- 
th term of this sum is nothing else but the space S%(M) = T{y k TM <g> A S M) 
of /c-symmetric contravariant tensor fields valued in the scalar densities of weight 
5 = /i — A (A S M denotes the vector bundle of 5-densities of M). The isomorphism 
between V^(M) /V^ 1 {M) and S$ is of course induced in a natural way by the 
symbol map 

a:Vl(M)^Sl(M). 

This map commutes with the Lie derivation of operators on the left and of 
tensor fields on the right. But, however, Vx^M) and Ss(M) are not isomorphic as 
V^ect(M)-modules : Vx^(M) is better viewed as a non trivial deformation of Sg(M). 

For A = fi and m > 1, it has been shown 0, nevertheless, that Vxfj,(M)(JR m ) 
and So(JR m ) are isomorphic as s£ m+ i-modules, where s£ m+ i C Vect(JR m ) is the 
canonical embedding of slim + 1, 1R) as the algebra of infinitesimal linear fractional 
local transformations of H m (note that it is a maximal subalgebra of the algebra of 
polynomial vector fields on H m ). 

A similar result has been obtained in the one dimensional case (cf. [0] for pseu- 
dodifferential operators, for differential operators) : except for special critical 
values of A and D^(M) is again s£ 2 -isomorphic to Sg(M). For the critical values, 
T>x/j,{M) is a non trivial deformation of Sg(M) and it is described in || in terms of a 
family of cocycles, taylored on the occasion, of s£ 2 acting on the space of differential 
operators from r(A" n / 2 M) into r(A( n+2 )/ 2 M). 

In both cases, m = 1 and m > 1, the s£ m+ i-module structure of Vx^iJR" 1 ) proved 
to be a powerful tool in studying its \^ect(lR m )-structure. 
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In some sense, the possible difference between the L-modules Vx^M) and Sg(M), 
L = Vect(M) or s£ m+ i, follows from the fact that the short exact sequence of mod- 
ules 

- V%\M) A Vl(M) A S k 5 {M) -> (1) 

(i : the inclusion) maybe is not split. The obstruction against splitting is a member 
of 

H\L,Hom{Sl{M),V k x -\M))). 

Composing with the symbol map a : P^~ 1 (M) — > S k ^ 1 (M), one gets a sort of first 
order approximation of this obstruction, namely an element of 

H\L,Hom(S$(M),St\M))). 

In this paper, we compute the cohomology space 

H(s£ m+1 ,V(S$(IR m ),SI (M m ) ) ) . 

This allows us not only to recover the critical values of |§ but also to find critical 
values for m > 1. To do that, we compute the spaces 

(V k (A,B) denotes the space of differential operators of order < k from A into B). 

They are computed by induction on k, using the short exact sequence associated 
to the inclusion of the operators of order k—1 into these of order k. The critical values 
occur when p—q G INo- They are then these for which the connecting homomorphism 
of the corresponding exact sequence in cohomology vanishes. Equivalently, they are 
these for which 

H(s£ m+1 ,V(S!QR m ),S!OR m ))) ? 0. 

We also compute the space Hom s i m+1 (Sg(JR m ),Sg(JR m )). This is quite hard 
because one is left to show that a mapping from iS^IR" 1 ) into Sg($(, m ) is local 
knowing only that it is commuting with the Lx, X G s£ m+ \. As a corollary, we get 
generalization of a result of || : if (to + 1)5 — m G" INo, then a linear map from 
5a (]R m ) is s£ m+ i-equivariant if and only if its restriction to each S$(JR m ), k G IN, is 
a constant multiple of the identity. 

As a consequence of our computations, we find the necessary and sufficient con- 
dition for (P to be split as a sequence of s£ m+ i -modules (with M = JR m ). In 
particular, we show that if (to + 1)5 — to G" 1N , then the s£ m+ i-modules Vx^(Si m ) 
and 5,5 (!R m ) are canonically isomorphic. This also generalizes a useful result of |§. 

In fact, the above mentioned cohomology classes constructed in are valued 
in P_s >1+ ii(]R). We recover them as a consequence of our computations due to the 
fact that X>(<S£(IR),<Sf(lR)) is isomorphic to £> 5 _ Pi(5 _ g (]R m ). 

Besides, very little more is needed then to compute the cohomology of s£ m+ i with 
coefficients in Vx^i^R" 1 ), to > 1. This is done in the last section. The difference 
between the cases to > 1 and to = 1 is then really significant. 
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2 The projective embedding of s£(m + 1, IR) 

For each T G s£(m+l, IR) we denote by T* the fundamental vector fields on P m IR 
associated to T and to the canonical action of SL(m + 1,H) by linear projective 
transformations. We also denote by T* its restriction to IR m , viewed as the open set 
of points of P m IR having a non vanishing (m + l)-th projective coordinate. 

The mapping T — ► T* is an injective homomorphism of Lie algebras from 
s£(m + 1,R) into the Lie algebra Vect(JR m ) of vector-fields on ]R m . 

Following M, we call it the projective embedding ofs£(m+l, IR). We now describe 
it in a way well suited to our purpose. 

We realize s£(m+l, H) as JR m ®g£(m, IR)©IR m *, where H m and IR m * are abelian 
subalgebras, where the adjoint action of A G g£{m, IR) is the natural representation 
of g£(m, IR) and where the bracket of h G IR m and a G !R m * is given by 

[h, a] = a(h)l + h® a 

(1 is the unit matrix). It is easily seen that the fundamental vector fields associated 
to h = (k 1 ) G IR m , A G (A)) G g£{m } R) and a = (a*) G H m * are 

h* = -Wdi, A* = -A^di and a* = a(x)x i d i 

(sums over repeated indices are understood and 9j denotes the partial derivative 
with respect to x l ). 

Note that s£(m + 1,1R) is a graded Lie algebra, H m , g£(m,JR) and JR m * being 
the homogeneous components of degree —1,0 and 1 respectively. 

For the sake of brevity, we denote s£ m+ i the above realization of s£{m + 1, H). 

3 Cohomology of s£ m+ i associated to a represen- 
tation of g£(m : IR) 

Let (V, p) be a finite dimensional representation of g£(m, IR). 
The space C 00 (IR m , V) of smooth V- valued functions on H m is a representation 
of Vect(Sl m ). The action L p x of a vector field X on a function / is given by 

Lxf = X.f - p(DX)f 

where X.f is the usual derivative X l dif and where DX = (djX 1 ) is the differential 
of X. 

In fact, CooiJR" 1 , V) is the space of sections of the (trivial) bundle associated to 
the linear frame bundle of IR m and to V and L p is the corresponding natural Lie 
derivation. 

Our purpose is to compute the Chevalley-Eilenberg cohomology of the restriction 
of L p to s£ m+ i. 

Recall that L p induces a representation of C p on the space of cochains. It is 
defined by 

£ p x = t x od p + d p ot x , VXGsC+i, 
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where d p is the coboundary operator. One has also 
(C x c)(X , . . . ,X a _x) = L p x (c(X , . . . - ]T c ( X o, • • • , [X,X t ], . . .,X S _ ± ) 

0<i<s 

for each s-cochain c. 

Proposition 3.1 For eac/i -u G {0,...,m} 7 i/iere exists a unique linear 
X u : A(a£(m,IR),A M (IR m '*, V)) -> A(sC+i, C^QR™, V)) snc/i «/ia* 

ft) ££, o x « = 0, 4* of = 0,V^ IR"\ 

(%%) (x u (l))(A*, A*_ x , a*, . . . , <) = ( 7 (A), . . . , ^_i))(o!i, ...a) /or a" ^ e 
a£(m,IR) and all aj G IR m * 7 

(raj (x u ( r y))(X , . . • , X t +u-i) is an homogeneous polynomial of degree 
— u + J2i degree (Xi), for all Xi G s£ m+ \. 

Proof. It is easy to verify that the mapping that sends 7 onto the cochain 

(Xq, . . . , X t+U _i) — > 

tl J^l 1)u E «W")(7(^, ■ ■ ■ , M, t _ 1 ))(rftr(M, t ), . . . , dtr(DX Vt+u _A) 

has the required properties (v describes the permutations of t + u elements and 
sign(v) is the signature of the permutation v). Hence the existence. 

Let c G A t+u (s£ m+1 ,C OQ (lR m ,V)) be such that C h *c = 0, i h *c = for each 
h G IR m . Suppose also that c(X , . . . , X t+u -i) is an homogeneous polynomial of 
degree — u + J2i degree (Xi) for all X^ We claim that if, in addition, 

c(A* ,...,A* t _ 1 ,a* 1 ,...,a* u )=0 

for all Ai G g£(m, IR) and all otj G IR m *, then c = 0, thus proving the uniqueness of 
X u ■ We show that c(X , . . . , X t+u -i) = by induction on k = —u + J2i degree (Xi). 
It is true for k < 0, by assumption. If it is true for k < £ then for k — £, it follows 
from £ p c = that 

h\(c(X Q , . . . , X t+U _i)) = 0, V/i G IR m . 

The homogeneous polynomial c(X , . . . ,X t+u -i) of degree £ > is thus constant. 
Hence it vanishes. ■ 

Let x denote the mapping from A(g£(m, IR), A(IR m *, V)) into A(sC+i, C^IR" 1 , V)) 
that reduces to x" when restricted to A(g£(m, IR), A"(IR m , V)). Observe also that 
A(R, m *, V)) is a representation of g£(m, ]R), its action being deduced in a natural 
way from the given p and the natural action on ]R m *. We denote also by d p the 
Chevalley-Eilenberg coboundary operator associated to that representation. 

Lemma 3.2 Th mapping x is a n homomorphism of differential spaces. 
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Proof. Let 7 be given. Then C p h *d p x u (l) = d p C p h *x u {l) — and ih*d p x u (l) = 
C p l *x u {l) — d p ih*X u (l) — 0- In addition, it is clear that 

(d» X u m(A* , ...,A* t ,al,..., <) = ((d^)(A , A t ))(a h ...,a u ) 

for all Ai G g£{m, IR) and all <x,- G IR m *. Finally, a careful examination of the various 
terms of (d p x u (l))(Xo, . . . , X t+U ) shows that it is an homogeneous polynomial of 
degree — u + J2i degree (Aj). In view of the uniqueness property of x u , it follows 
that d p x u {l) = X u {d p l)- ■ 

We are now in position to compute the cohomology of s£ m+ i associated to the 
representation L p . 

Theorem 3.3 The mapping 

Xi : H(g£(m, IR), A(IR m *, V)) - H(s£ m+1 , ^(r, V)) 

is a bijection. 

Proof. We use the Hochschild-Serre spectral sequence Ef' q associated to the 
subalgebra IR m of s£ m+ x. Recall |3J] that E p ' 9 is the g-th cohomology space of the 
Chevalley-Eilenberg complex of the representation of IR m induced by h — > C p h * on 
the space A p (s£ m+1 /IR m , C^TR 171 , V)) or, equivalently, on the space of the elements 
of A p (s£ m+ i, Coo(]R m , V)) that are cancelled out by each i h *, he IR m . 

Once evaluated on X = (X±, . . . , X p ) G a g-cochain c defines a differential 

g-form on IR m , namely 

c& : (h, . . . , h q ) - (c(/ij, . . . , h;))(X u ...,X P ). 

As easily seen, if = for degree (X) = J2i degree (Aj) < u, then for 
degree (X) = u, one has 

duJ x = Wx c > 

where is the de Rham differential. An easy induction on degree (X) allows thus 
to show that 

(a) Ifq> 0, then E P ' q = 0. 

Now, a 0-cocycle is an element c G A p (s£ m+ i, Coo(IR m , V)) such that ££*c = 
and ih*c = for each h G IR m . In particular, if c(X) = when degree (X) < u, then 
c(X) is constant for degree (X) = u. Thus, if 7 G A p ~ u (g£(m, IR), A u (IR m *, V)) is 
defined by 

(t(4l> • • • ; ^4p-«))(ai, • • • , a u ) = c{A\, . . . , A* p _ u , a{,..., a*) 

then c — x u {l) vanishes on arguments X of degree < u. It follows by induction on 
u that c belongs to the image of x- It is clear that x is injective. Therefore, 

(b) x '■ A-(g£(m, IR), A(IR m *, V)) — > (B p >oE p, ° is an isomorphism of differential 
spaces. 

We deduce from (a) that the higher differentials dj, % > 1, of the spectral sequence 
are vanishing. The result then follows from (b). ■ 
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4 Deforming the representations of g£(m, IR) 

Let again (V,p) be a finite dimensional representation of g£(m, IR). For each 
A G IR, define pa by 

p x : A—> p(A) - Xtr(A)id 

where tr denotes the trace and id the identity from V into V. 

We want to compute the cohomology of the representation (V, p\) of g£(m, IR) 
in terms of that of (V, p). 

Let $ : (A, d) — > (£>, 9) be an homomorphism of differential spaces. The mapping 

9$ : (a, 6) ^ (9a, $ (a) -96) 

is a differential on A © i3. 

Lemma 4.1 The cohomology space H(A © B,d$) is isomorphic to ker $^ © 
H(B,d)/ im $ 8 . 

Proof. Indeed, the connecting homomorphism (J7|) of the short exact sequence 
of differential spaces 

-> B -4 .4 © S -4 A -> 
where = (0, — y) and j(a;, y) = x, is ■ 

Proposition 4.2 T7ie Chevalley-Eilenberg cohomology of (V, p\) is isomorphic 

to 

kerp A (l) tt ©#(s£(m,K),F)/imp A (l) tt 
where PA(l)tt is the map induced in cohomology by 

c G A{s£{m, H), 1/) -> p A (l) o c G A{s£{m, H), y). 
Proof. Indeed, the map 

c — > (c| s ^(m,]R), (*lC)|«€(m,IR)) (2) 

is an isomorphism of differential spaces between A(g£(m, IR), V) equipped with the 
differential <9 PA and (As£(m, IR)) 2 equipped with the differential 

( c ', c ")^(9V,p A (l)o C '-9V). 
Hence the result, in view of Lemma [4.1| . ■ 

We shall now apply the above proposition when V C ©^IR m and when p is the 
natural representation of g£(m, IR) on the tensors. For the sake of simplicity, V\ will 
denote the representation (V,p\). 

Proposition 4.3 Let V be a subspace of ©£IR m stable under the natural repre- 
sentation of g£(m,lR) on the tensors. If A ^ (a — b)/m, then H(g£(m,JR),V\) = 0. 
If A = (a — b)/m, then H(g£(m, IR), V\) is isomorphic to 

{Ag£(m, IR)*) 9 _ ira) © V s - inv (3) 

where g—inv and s—inv denote the invariance with respect to g£(m, IR) and s£(m, IR) 
respectively. 
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Proof. If m > 1, the space of cocycles of the Chevalley-Eilenberg co homology of 
the representation (V, p) of s£(rn, H) is the direct sum of the space of coboundaries 
and of (As£(m,fR)*) s -i nv <8> K-mu 0- On the latter, Pa(1)b is the multiplication 
by a - b - Am. Moreover, (|) pulls (As£(m, R)*)s_ im , back onto (Ag£(m, JR)*) g _ inv . 
Hence the result when m > 1. For m = 1, the result follows from an immediate 
direct computation, (|3|) being just V in this case. ■ 

Corollary 4.4 Under the asumptions of Propositon H(g£(m,TR),V\) ^ 
only if A = (a — b)/m is an integer. 

Proof. It is obvious if m = 1. If m > 1, it follows from the description of 
: T G ®£IR m is s£(m, H)-invariant if and only if 
■ ■ ■ , £a> Xi, . . . , Xb), as a function of £j G IR m * and Xj G IR m , is a linear 
combination of products of contractions (Xj,^) and of determinants of the form 
det(^ x , . . . , and det(X il , . . . , X jm ). m 
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5 Two examples 

In this section, we illustrate the previous results by computing two cohomologies 
of s£ m+ i that will be needed later. 

Let us first consider S^IR" 1 , the space V fe IR m of &;-contravariant symmetric ten- 
sors equipped with the representation p\ (where p is the natural representation of 
g£(m, IR) on tensors). 

Proposition 5.1 (i) Assume that m > 1. If (X,k) G {(0, 0), (1, 0), (1, 1)} ; i/ien 
H(s£ m+ i, C 00 (IR m , S^IR" 1 )) zs isomorphic to (Ag£(m,JR)*) g _ inv otherwise it is van- 
ishing. 

(ii) If (A, u) G {(&, 0), (A;, 1), (k + 1, 1), (Jfe + 1, 2)} toen H(s£ 2 , C^JR, S%R)) is iso- 
morphic to 1R otherwise it vanishes. 



Proof. It follows from Theorem |3^ and Proposition [O] that 
H u (s£ m+ i,C 00 (JR m , S^]R m )) is non vanishing only if A = (j + fc)/m for some j G 
{0, . . . , m} and that it is then isomorphic to 

(A u ~ j g£(m, M)*) g ^ nv ® A J (IR m *, V*IR m ) s _ iTO . (4) 

Using the description of (<S>g'lR ,r! ') s _i ri ^ recalled in the proof of Corollary [14] , the 
latter is non vanishing if and only if (j, k) equals (0,0), (m, 0) or (m — 1, 1) in which 
case, (f|) is respectively spanned by the mappings 

(A),...,A-i) -> 7(^0, ...,A t _i), 
(A , . . . , . . . ,a m ) -> 7(A , A-i)det(«i,...,a m ) 

or 

(A , . . . , ai,..., a m _i) -> [£ -> 7(A Q , . . . , det(«i, . . . , a m _i, 0] 

(t = u — j, Ai e g£(m,TR), a^G H m *, 7 e (Ay(m,M)*) 9 _ iTO ). Hence (i). 

For (ii), it suffices to note that A-?(IR, V*IR) s _j nt , = IR. ■ 
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Corollary 5.2 The cohomology of s£ m+ i acting on the space of scalar X- densities 
o/IR m vanishes if X 7^ and X 7^ 1 otherwise, it is isomorphic to (Ag£(m, R)*) g _j„„. 

Proof. It is the cohomology of the representation C 00 (lR m , S'°]R m ) of s£ m+ i. m 

Let us now consider the case of the space Sp' q TR m of /c-contravariant symmetric 
tensors valued in the space of linear maps from V p IR m into V 9 IR W : 

s k, q]R m = v fc IR m ® Pom(V p IR m , V 9 IR m ) 
~ V fc IR m ® V 9 IR m ® V p IR m *. 

We equip it with the natural representation of gi(m, 1R). 

Proposition 5.3 If p G {k + q, k + q + 1} then H(s£ m+1 , C^WC 11 , S^1R m )) is 
isomorphic to (Ag£(m,JR)*) g -i nv otherwise it vanishes. 

Proof. The proof is similar to that of the previous proposition. One is now left 
to study 

{A u - j g£(m, R)*) g _™ ® A J (IR m *, S k p m m ) s _ mv (5) 

knowing that p = j + k + q (since "A" = 0). This space is non vanishing if and only 
if j — or j — 1, (|5p being then respectively spanned by the mappings 

(A) j • • • , A-i) - [P -> t(A>, • • • , A-iX^fP] 

or 

(A>, . . . , A-i, a) - [P -> 7 (A), ■ ■ ■ , A t ^)(aD^)(rjD^ k P} 

{t = u- j, At G g£{m, JR), a G IR m , 7 e (AV(m, IR)*) fl _ iw , P G V fc IR m ). 

Here, we wiew an element of S^IR" 1 as being a homogeneous polynomial of 
degree k in 77 £ IR m * valued in the space of linear mappings from the space of 
homogeneous polynomials of degree p in £ G IR m * into the space of these of degree 
g. Moreover, aD^ and r/P^ denote the derivations with respect to £ in the direction 
a G IR m * and 77 G IR m * respectively. These conventions will be helpfull in the sequel. 



6 Cohomology of s£ m+1 valued in £>(<S£(IR m ), S q 6 (lR m )) 

Recall from the introduction that the structure of the s£ m +i-module V\^(JR m ) 
is related to the cohomology of s£ m+ \ with coefficients in V(S^(JR m ), iS|(]R m )), 
5 = n — X. 

We first compute the cohomology of s£ m+ \ with coefficients in 
P fe (S£(]R m ),<Sf(lR m )), k G IN. We proceed by induction on k, using the short 
exact sequence 

O^Z^SfpR^SIOR™)) A D fe (S P (R m ),<Sf(lR ro )) 

A Coo(IR m ,5j' 9 lR m ) -> 
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that induces an exact triangle 



H 

1 H(s£ m+1 ,V k (S$(lR m ),S q s (TR m ))) (6) 

H(s£ m + 1 ,C 00 {B. m ,S*>m m )) 

where the connecting homomorphism # is of degree 1(0). Note that the cohomology 
of the quotient is that computed in the previous section. From Proposition Q| we 
immediately deduce 

Theorem 6.1 (a) If p < q, then H(s£ m+1 ,V k {S p s {M m ),S q s (Wl m ))) = 
(b) Ifn > 0, then 

(i) k<n-l=> H(s£ m+1 ,V k (S! +n QR m ),S!QR m ))) = 

(ii) H(s£ m+1 ,V n ~ 1 (Sl +n (M m ) 7 Sl(lR m ))) is isomorphic to (Ag£(m,1R)*)g_ inv 

(m) The inclusion o/P n (Sf +n (IR m ), Sf (IR m ))) intoV k (S q s +n {H m ),S q s OR m )) induces 
an isomorphism 

H(s£ m+1 ,V n (S! +n (TR m ),S!(lR m ))) - H(s£ m+1 ,V k (S q+n (TR m ),S!(lR m ))) 
for each k > n. 



Remark 6.2 In (ii), the isomorphism is obtained by composing the isomorphism 
of Propositon |5.3| and the map induced in cohomology by the symbol map a from 
P n - 1 (5| +n (lR m ),5|(IR m )). 



To complete Theorem |6.1| , we need to compute the connecting homomorphism 9. 

Lemma 6.3 If n > 0, identifying H(s£ m+ %, C^IR" 1 , Sg+ n , IR m )) and 
if(sC+i,^ n_1 (5r n (lR m ),5|(]R m ))) with (Ag£(m,lR)*) g _ inv using Proposition^, 
and Theorem \6. % one has 



0( 7 ) = (-l) t+1 n[(m + 1)5 - (2q + n + m)] 7 , V 7 G (AV(m, R)*) 9 _ iw . 

Proof. To perform the computation, it is convenient to identify the spaces 
V k (S$(TR m ),SI(n m )) and ffi < i < fc C r oo (R m ,Sj«]R. m ) by representing the operator 

D : T -> £ MD a x T) 

\a\<k 

where A a G CooQR™ #om(V p IR m , VIET 1 )), by 

T D : (77, P) G !R m * x V p lR m -> ^ r/ a A Q (P) G Oc(IR"\ V^IR" 1 ). 

|«|<fc 
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(cf. the proof of Proposition |5.3| ). It follows then easily that, the components of 
£ G ]R m * representing symbolically the partial derivatives of X G Vect(JR m ), 

Tl x d{ViP) 

= (X.T D )( V , P) + (X, n) T D ( V , P) + 5 (X, T D ( V , P) 

-X{(Dt)T D { V) P) -T D ( V + C, (X, v ) P + 5 (X, C) P - X(C^)P) (7) 

(see where similar symbolical computations are used). 

Now 7 G {Ag£(m, M)*) s _ iw defines an element in H{s£ m+1 , ^(E" 1 , 3£&]R m )), 
namely the class of the cocycle c = x(t) 

(X , . . . , X t _0 ^ (-1)* 7 (M 0) . . . , M w ) (t^)". 

In view of the above identification, c may be considered as valued in 
T> n (S q s +n (R m ), S g s 0R m )). Its coboundary is valued in P"- 1 (<S| +n (IR m ) ) <S|(IR m )) 
and we seek for the 7 ' G (Ag£(m, M)*) g _i nt , which [<9c] corresponds to through the 
isomorphism (ii) of Theorem |0] (see Remark |6.2|) . To compute 7', it suffices to 
evaluate (dc)(Ag, . . . , a*), A, G g^(m, R), a G IR m , at x = 0. That is the same 
to compute the constant term of 

(-lfL a *(c(A*,...,AU)) (8) 

where L a * is the derivation of differential operators in the direction of a*. Observe 
that 

cK,...,A*_ 1 ) = 7 (Ao,...,A-i)(^r 

has constant coefficients so that we need only the terms of (§) involving second order 
derivatives of the coefficients of a*. It follows from (|7|) that if X = a*, the terms of 
second order in X in Tl x d(Vi P) are given by 

-{TjD^iaDjTDir], P)-{m+ l)5(aD TI )T D (r], P) 
+(aD v )T D ( v , (£Dt)P) + J2D v J D (v,U^)P). 

i 

With T D (r],P) = (r]D ( ) n P and P G V 9+ri lR m , this gives 

-n[(m + 1)6 -(2q + n + m)](aD^(r]D^ n - 1 . 

Hence the lemma. ■ 

Theorem 6.4 If n > 0, the space H(s£ m+1 ,V n (S q s +n (lR m ),S q s (1R m ))) is isomor- 
phic to (Ag£(m, JR)*)^_ inv if 5 = (2q + n + m)/(m + 1) and vanishes otherwise. If 
n = 0, it is isomorphic to (Ag£(m, R)*) g _j n „. 

Proof. This follows immediately from (0) and previous results. ■ 

We are now able to compute the cohomology of s£ m+ i with coefficients in 
V(S p s (JR m ),S q s (TR m )). 
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Theorem 6.5 If p < q, then H(s£ m+1 ,V(S^(JR m ),S q s (Wi m ))) = 0. Otherwise, 
the inclusion 

V n (S p 6 0R m ),Sl(W 1 )) A V(S p s 0R m ),S q s (M m )) 
induces an isomorphism in cohomology, where n = p — q > 0. 

Proof. For the sake of simplicity, we denote here by T> and T> k the spaces 
£>(<S£(IR m ), S g s 0R m )) and V k (S p s (1R m ) } <Sf QR m )) respectively 

Observe that a cochain on s£ m+ i valued in the space of differential operators 
necessarily takes its values in the space of operators of a certain order k. This is 
because s£ m +\ is finite dimensional. 

This implies first that H(s£ m+ i, V) = if p < q because, in this case, the spaces 
H(s£ m+ i,T> k ) are all vanishing. 

Second, this also implies that if p = q + n, n > 0, 

H :H(s£ m+1 ,V n )^H(s£ m+1 ,V) 

is an isomorphism. Indeed, if i$[S] = 0, then S is the coboundary of some T> k - valued 
cochain T. If k < n, then [S] = because T> k C T> n . If k > n, then again [S] = 0, 
due to Theorem |6.1| (b) (iii). This proves that i$ is injective. A similar discussion 
shows that it is onto. ■ 

Remark 6.6 When p > q, the cohomology of s£ m+ \ with coefficients in 
V{S p s {W n ),Sj{W n )) is non vanishing if and only if 5 = This is why we 

say that m+p t g is a critical value for 5. When m = 1, these critical values are the 

J m+l 

special values pointed out in in classifying the s^-module T> k (M). In 0, they 
were called "resonant" instead of critical. 

For n > 0, we define 

r n : s£ m+1 ^ P(«S|+-(lR m ),«S|(lR m )) 

by 

r n (X)P = - Yl 9 j X^d il ...d in D^...D^ n P 

j,ii,—,in 

(recall that <9j denotes the partial derivation with respect to the i-th coordinate and 
that D^. denotes the derivation with respect to the j-th component of £ G IR m *). 
Using the notations of the proof of Lemma |6.3| , one can also write 

r n (X) = -(X,C) (vDs) n 

where rj and ( represent the derivatives acting on P and X respectively. 
For n > 0, we also introduce the map 

Tn : s£ m+ i ^ V(S* s +n (JR m ),S* s (JR m )) 

given by 

ln{X)P=-±— E <>;.i) r X '<),,... ;)„.Ih ...ILJ>. 
It is symbolically given by 

i n (x) = -L-(x,o (C^XW 1 - 
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Corollary 6.7 Let p = q + n. The space H^sim+x, £>(<S£(IR m ), «S^(B m )) is 
spanned by [r ] if n = and by [r n ] and [j n ] if n > and 5 = m ^^ 9 . It vanishes 
otherwise. 

Proof. This easily follows from the previous results. ■ 

7 The space Hom slm+1 (Sf (R m ) , <Sj(R m )) 

In this section, we compute the 0-th cohomology space of s£ m+ i with coefficients 
in #om(S£(M m ),«S!(]R m )). It is the space Hom s i m+1 (^(R m ), <S|(IR m )) of s£ m +i- 
equivariant linear mappings from <S£ (IR m ) into iSf (IR m ). 

For each n e IN, we define 

T n : 5| +n (M m ) ^<S 5 *(IR m ) 

by 

T n P = J2 <) n ...O,.Ih ...I) t J\ 

il,...,i n 

With the notations of the proof of Lemma |H| T n is represented by the polynomial 
(r]D^) n . Moreover, it follows from that proof that 

Lx ° T n - T n o L x = -n[(m + 1)5 - (m + 2p + n)]j n (X). 

In particular, T n : S$ +n (JR m ) — > iS^IR" 1 ) si m+ i-equivariant if and only if 
n[(m + 1)5 — (m + 2p + n)] = 0. 
Observe that 

T n {X) = -(X,()T n 



and 



Moreover, 



since Tj o X} = Tj + j . 



ln {x) = -J— (x, c> (C^)oT n _!. 

m + 1 

7 n+i (X) = 7„(X) oTi 



Lemma 7.1 J/p > g and if A e Hom(S%(iR m ), Sf(IR m )) commute with the Lie 
derivations in the direction of d\, . . . , d m and of E = x % d{ then A is a differential 
operator. 

Proof. It has been shown in || that if 5 = 0, then under the assumptions of the 
lemma, A is a local operator. In fact, the proof of pi works also if 5 ^ 0. Thus, we 



may assume that A is local. From the theorem of Peetre [10], it is then locally a 



differential operator. Since it commutes with Lg 1 , ■ ■ ■ , Lg m , its order is bounded. 



Theorem 7.2 Ifp > q and if A e Hom sim+1 (5f(M m ), <S|(IR m )) is non vanishing 

i+p+< 

m+l 



then either p = q and A is a constant multiple of the identity or p > q, 5 — m+p+q 



and A is a constant multiple of T } 



p-q- 
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Proof. Indeed, since A is a differential operator, it is a 0-cocycle of s£ m+ i valued 



in T>(S$(lR rn ), Sg(JR m )). The theorem then follows immediately from Theorem 6.5 



The case p < q is more difficult. We state directly the theorem. Indeed, we do 
not know whether a lemma similar to Lemma |77T| holds true in this case. 



Theorem 7.3 If p < q and A G Hom slm+l (<S£(lR m ), «Sf (H m )), then A = 0. 

Proof. It suffices to show that A is local (and thus a differential operator, pro- 
ceeding like in the proof of Lemma |7.1| ). Indeed, it follows from Theorem [T5]that a 
0-cocycle of s£ m+ i with values in V(Sg (IR m ), <Sf(H m )) is vanishing, because p < q. 

The proof has three parts. In the first, 5 has not the cricital value m ^[ q and we 
show directly that A = 0. In the second, 6 = m ^[ q and m > 1 while in the third, 
6 = m ^[ q but m — 1. We set again q = p + n. 

(i) TTie ncm critical case. We make use of the Casimir operator Cf of the si m +\- 
module S^(JR m ). Recall from JTJ] that it is the s£ m+ i-equivariant linear map from 
<S£(IR m ) into itself defined by 

Cs = L x* ° L Y * 

i 

where {X,i : i < m(m + 2)} is any basis of s£(m + 1, IR) and {Yj : i < m(m + 2)} is 
its dual with respect to the Killing form K of s£{m + 1,IR) (i.e. K(Xj, Yj) = Sij). 
By Theorem [7]2|, C$ is a multiple of the identity. It is easy to compute. One gets 



2(m + = m{m + 1)S 2 — (m + 2p)(m + 1)6 + 2p(m + p). 

Since A is s£ m+ i-equivariant, one has Ao C$ = C$ +n o A. But 

m + 2p + n " 



m + 1 



Therefore, if 5 ^ ^±£±2 ; then A = 0. 

(ii) TTie critical case S = m+2 P+ n m > 1. This case is more delicate to handle. 

\ ' m+l ' 

We need some preparations. For each a G IR m *, a denotes the function x — > a(x) 
on IR m (it is a but viewed as an element of C^iWC 1 )). Moreover, I G So(IR m ) is 
defined by 

7(0* = VxGlR m , V£GlR m *. 

One has 

L a *Q = L E (aQ) + (S- l)aQ - I(aD^)Q, VQ e S* s (JR m ). 

Using this, the s£ m+ i-equivariance of A and the assumption 5 = m ^^" w , one gets, 
after some computations, 

( m + p _ l)A(dQ) = A(/(a£)f)Q) , VQ G 5f(IR m ), 
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the index denoting the evaluation at x — 0. This implies easily that 

m + p — (/c + 1) 

Hence, by induction on k, 

A(ai . . . a k Q) = ■ — — ■ A(I k (anD e ) . . . (a feJ D € )Q) 

[m + p — 1) . . . [m + p — k) 

for each Q G S£(IR m ) and for all a u . . . , a k G IR m *. 

We now prove that A is local. Suppose that P G <S|'(IR m ) vanishes in a neigh- 
borhood of y G IR"\ We want to show that A(P) y = 0. 

Assume first that y = 0. There exists then Qi ...i p G Sg (H' m ) such that 

P = E*...&Q i0 ...i p 
(e\...,e m denotes canonical basis of IR m * : e\x) = x i , Vx G IR m ). Then 

(m + p — 1) . . . [m — 1) p 

because the Qj ...i P ' s are homogeneous of order p in £ G H m *. 

One reduces the case y 7^ to the case y — just by replacing above £ by a; — y 
in a, /, E, a*, etc. 

(iii) JTie critical case 5 = "^+1"" > rn = 1. We denote by £ the canonical coordi- 
nate of 1R. The map A is of the form 

(7 \ P / 7 \ p+n 

-J Idtl'-^A/^-J /.A/GCooOR). 

Expressing the fact that A commutes with L± and L t _d leads immediatelty to the 
following relations : 



d A 

dt dt 



and 

d 



From this, it follows first that Af — if / is a polynomial. Indeed, the first 
relation shows that if / is a homogeneous polynomial of degree s, then Af is a 
polynomial of degree < s but the second relation shows that, in the same time, Af 
is homogeneous of order s + n > s. 

On the other hand, T n : iSf +n (lR) — > <Sf(lR) is s^-equivariant (because 5 is 
critical). By Theorem 772, it follows that A o T n is a constant multiple a of the 
identity on iSf +n (]R). It is clear that a = because A vanishes on polynomials. This 
reads 



Ajjp_ t = 

dt n J 



for all / G CooQR). Therefore, A = 0. 
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8 The splitting of the short exact sequence (J) for 

M = R m 



Our aim in this section is to obtain a necessary and sufficient condition for the 
short exact sequence of s£ m+ i-modules (|l|) to be split (with M = JR m ). 

We denote by <p : Ss(JR m ) — > T>x^(JR m ) the canonical right inverse of the symbol 
map. If P G S$ (IR m ), then f(P) G V^(JR m ) is the unique homogeneous differential 
operator of order k such that a((p(P)) = P. As known, the coboundary E k of the 
restriction of (p to S$ (!R m ) takes its values in Hom(S$(lR m ), V^\M m )). Moreover, 
its cohomology class characterizes the isomorphism class of the short exact sequence 
(H) IJ. In particular, ([[]) is split if and only if E k is a coboundary of some element 
oiHom(Sl(M m ),V k x ;\JR m )). 

Lemma 8.1 One has Ef. = —u^ip o j l; where 

Uk = (m + 1)A + k — 1. 

Proof. It is just a matter of simple computation. ■ 

Lemma 8.2 As a cocycle of s£ m+ i valued in Hom(S k (JR m ),S^~ n (JR m )), 7 n is 
a coboundary if and only if 

v n = —n((m + 1)5 — (m + 2k — n)) 

is non vanishing. 

Proof. By Corollary |6~7| , it suffices to show that if 7„ = dT, then 
T G Hom(S^0R m ),St n (IR m )) is a differential operator. Since 7n («9 i ) = and 
jniE) = 0, this follows immediately from Lemma |7.1j . ■ 

Remark 8.3 It is clear that if v n ^ 0, then j n is the coboundary of — T n . 

In the sequel, for A = J2i-Aif G H[t], we denote by A(r]V^) the differential 
opertor 

Y,AiTi : ^ fc (lR m ) -> 0^" l (lR m ). 

i o<k 



Proposition 8.4 If ji, . . . , j n -i o,re coboundaries, then 

E k = - fc " ' fc ~ n+1 (poj n + d(po A n {r]D^) (9) 
«i . . . w n _i 

/or some polynomial A n of degree n — 1 snc/i £/mt v4 n (0) = 0. 

Proof. We proceed by induction on n. By Lemma 57T , E k = —u^ o 7l . Assume 
that (^|) holds true and that 7„ is a coboundary. Then, setting 

Itjfc . . . Uk-n+l 

a = 

V l • • • V n -.i 
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for simplicity, one successively gets 

{E k -dipoAn{r)Dt))(X) 
= — (ip o L x o T n - ip o T n o L x ) 

= — (ip o L x o T n - L x o ip o T n ) H (L x o cpoT n - cpoT n o L x ) 

v n v n 

= --E k _ n (X)oT n + -(d( V oT n ))(X) 

V n V n 

= ^ r7l (I)oT n + ^(%oT n ))(I) 

V n V n 

= ^^fo ln+1 (X) + -(d(foT n ))(X) 

V n V n 

because 71 o T n = jn+i- ■ 
Theorem 8.5 The short exact sequence of sl m+ \-modules 

o ^ v^\m m ) ± vl(m m ) ^ s*^ o (*>i) 

is split if and only if 

+ + m + 2k — 1 1 . , 

s^<^—, — — — — — 10 

[m + 1 m+1 m+1 J 

or 

m + 2k — n i — k 

= and A = (11) 

m+1 m+1 

for some n G {1, . . . , k} and some i G {1, . . . , n}. 

Proof. Let n denote the least integer such that 7™ is not a coboundary, as a 
cocycle valued in Hom(S^{W a ), Sg~ n (JR m )) (we set n = k + 1 if 71,..., 7^ are 
coboundaries) . 

It follows from Lemma |8.2| and Proposition |S.4| that E k is a coboundary if (|iT|), 
or (|Tl~D, holds true. 

Conversely, assume that E k is a coboundary and that n < k. Then, 5 = m ^~ n . 
Moreover, it follows from (||) that u k ■ ■ ■ u k -n+iln is a coboundary. Since 7 n is not 
a coboundary, Ui = for some z G {A; — n + 1, . . . , k}. Hence the result. ■ 

Corollary 8.6 If(m+l)5—m G" INo, then there eixsts a unique s£ m+ \-equivariant 
linear bijection cr x ^ : £> v (lR m ) 5 5 (H m ) such that, for each A G £>^(IR m ) ; the 
term of highest order of a x>1 (A) is the symbol o~(A) of A. 

Proof. The existence of a Xfl follows immediately from Theorem |8]5|. For the 
uniqueness, assume that a' has the same properties than ct Am . Then, for each k, the 
restriction of S = a' o (a^y 1 to S£(IR m ) is of the form 

o<e<k 

for some s£ m+ i-equivariant # G H om(S k 8 (Wi m ) , ^(IR" 1 )), z = 1, . . . , fc. By Theo- 



rem 



7.2, $ = for i = l,...,Jfe. 
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Remark 8.7 The existence and uniqueness of a X/1 was shown in || for A = fi 
and m > 1. It has been obtained in || [| for m = 1 and non critical values of 5. For 
critical S, 2} Am (IR) has been described in M. We will not discuss here the case of the 
critical values of 5 in higher dimension. The next result is also a generalization of a 
useful result of J| 



Proposition 8.8 // (m + 1)5 - m g IN , i/ten T : £> A/ ,(IR m ) -> £> AV (IR m ) zs 
s£ m +i-equivariant if and only if there exists constant G 1R swc/i that, for each 

k e IN, 

<r AV oTo (tr^)- 1 = Gfc irf 

on<Sf(IR m ). 



Proof. This follows immediately from Theorem and Theorem 



9 Cohomology of s£ m+ i valued in Vx^lR 171 ) 

The computation of H(s£ m+ i, V\^(JR m )) is quite similar to that of 
H(sl m+1 ,V(S%(TR m ),S q s (JR m ))). It uses the short exact sequence © and Propo- 
sition |0| to get first the spaces H(s£ m+ i, V Xfl (JR m )), k 6 IN. In most of the cases, 
the cohomology of the module C 00 (lR m , SflR™) vanishes. It is however necessary 
to compute the connecting homomorphism associated to the sequence (|T|) for some 
values of 5 and k. This leads also to a sort of critical values for A and [i. In view of 
Proposition |5.1| , they are not the same when m > 1 as when m = 1. 

We only summarize the results, leaving the reader to supply the proofs. 

A. The case m > 1 



Theorem 9.1 {m > 1} If 5 ^ {0,1} or if 5 = 1 and A ^ ; then 
H(sl m+1 ,V Xll (TR m )) = 0. 



Theorem 9.2 {m > 1} The space H(s£ m+ i,V < l x (JR m )) is isomorphic to 
(Ag£(m,lR)*)g_i nv . The inclusion of r> AA (IR m ) into 2} AA (IR m ) induces an isomor- 
phism in cohomology. 



Theorem 9.3 {m > 1} One has a short exact sequence 

- H(s£ m+1 ,V° 01 (M m )) X Histm+uV^iBT 1 )) % H(s£ m+1 , C 00 (Il m , SllR m )) - 

where the kernel and the quotient are isomorphic to (Ag£(m,lR)*)g-i nv . The inclu- 
sion o/Pq 1 (1R" 1 ) into V i(JR m ) induces an isomorphism in cohomology. 



Remark 9.4 If A ^ 0, then H(s£ m+1 , V° x A+1 (IR m )) is isomorphic to 
(Ag£(m, H) Vm, while H{s£ m+1 , X? AiA+1 (IR m )) = 0. ' 
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B. The case m = 1 

In this case, the "critical" values are given by (A,/i) = f^T'^?)' n G INo- 
Moreover, the description of the cohomology is very close to that of the module 
D(S$($l), iSf(lR)). This follows from the fact that this module is isomorphic to 
Pa_ P)( 5_g(]R) since (IR) is isomorphic to the space of (<5 — p)-densities. In particular, 
the critical values introduced in Section 6 occur when p — q is a positive integer n. 
They are then given by 5 = (p + q + l)/2. In this case, 

l — n . . 1 + n 

5-p=^— and 5 - q = — — . 

Note that these critical values were also obtained in |J , but in a completely different 
way. 

Theorem 9.5 If 5 £ IN or if 5 G N and X ^ tfien F(s£ 2 , ^>A M (R)) = 0. 



Theorem 9.6 The inclusion of V XX (JR) into D\\(1R) induces an isomorphism 
in cohomology. In particular 



Theorem 9.7 If X = and fi = for some n G No, then for each u, one 
has a short exact sequence 

- H^V^QR)) X H"(s£ 2 ,V^(M)) % H u (s£ 2 , Coo(H, S%TR)) - 

where the kernel (resp. the quotient) is isomorphic to 1R foru = 1,2 (resp. 0,1) and 
is vanishing otherwise. Moreover, the inclusion ofD\ „(R) mto 2>s^(lR) induces an 
isomorphism in cohomology. 



Remark 9.8 1) One sees in particular that H 3 (s£ 2 , ^a^(IR)) = for all A, [A G 

1R. 

2) For (A, ju) = (±=^, n G N , tf 1 ^, £>A/.(K)) is spanned by 

n V rft J 1 1 dt dt n 1 1 

and 



This follows from Theorem |9J. The 7 n 's are exactly the cocycles used in || in the 
study of the s^-structure of Vx^lR). 

3) If p = q+n and S = p q 2 , through the isomorphism between X>(«Sf(IR), «S|(IR)) 
and Pi-n i±n(]R), t„ and 7„ become respectively and j' n . 
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